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We have discrete spectra of eigenvalues accumulating to +oo,
AT <A< o< aDrc 0 o= AN e c AN <
Similar Dirichlet and Neumann spectral problems can be posed for Laplacian on a

smooth compact Riemannian manifold with boundary.

We always have ANe(Q) < ADIF(Q).
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One-term Weyl’s Law takes into account only the volume of 2 and does not feel the
boundary and the boundary conditions, the same law applies to Dirichlet, Neumann
and Robin Laplacians.

WEYL’S CONJECTURE (1911)

For any bounded 2 C R? with piecewise-smooth boundary,
NDENe () = QAL F G al0Qy1 A + 0 (A”H) as A — +o0,

with — for Dirichlet and + for Neumann, and G, ; > 0 another constant depending

only on d. For example, in the planar case d = 2, the conjecture reads

_ Area() 2 Length(092)
4 4

Ngir,Neu(A) A+o(N) as A — +oo.

This turned out to be a difficult problem in analysis with connections to other fields.
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Non-periodicity: meas{(x, {) € Q x $%=1 . a billiard

» trajectory starting at x in the direction & is
< periodic} = 0. Although non-periodicity is
\ conjectured to be true for all piecewise-smooth
> Euclidean domains, it has only been proven for some

specific classes, e.g. for domains with convex analytic
‘ 4 boundary, or for polyhedra.Remains open in the
V. Euclidean case in full generality.

Not true on some manifolds (in terms of geodesic
flow), e.g. for a hemisphere.
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An einstein monotile, image from

D. Smith, J. S, Myers, C. S. Kaplan, and C. Goodman-Strauss,
An aperiodic monotile, Combinatorial Theory 4 (2024).
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VALIDITY, UNTIL RECENTLY

e True for domains that tile the space [Polya’61, Kellner’66]
o Iftrue for Q; C R, d; > 2, then true for Q = Q x Q, C R4+ [Laptev]

e For all domains § [Berezin-Li-Yau, Kroger],

d+2

d/2 A
(i) NBF(N) < Callend < L EAN ()

d+2

e For low X for any domain in any dimension:

M) < (Cal2l) ™ e < A7)

with » = 1 or n = 2, by isoperimetric inequalities [Faber—Krahn,
Krahn-Szeg8, Girouard—Nadirashvili-Polterovich,
Bucur-Henrot]

Gabor Szegb
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PHASE FUNCTIONS FOR 2ND ORDER ODEs

Let A; (x) and A () be two real linearly independent solutions of a Schrédinger
equation

A (x) + P(x)A(x) = 0 1)
on (a,+00), with a real-valued potential P € C(a, +c0).

We define the modulus function M(x) = M 4,, 4, (x) and the phase function
W(x) = W4, 4, (x) for these solutions as

M) = A@P + (A6, A +ida() = M) exp (),

ﬁfé;)) specified by the chosen

where we choose a continuous branch of ¥(x) = Arctan

value of lim__, 1 W(x).
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ExAMPLE: BESSEL PHASE FUNCTIONS
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0y (x) := Arct ]U(x),ey(o). > ¢v(x) := Arct ]l,/(x),@(o). >
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Jv(x) 2
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3m/2
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ExAMPLE: BESSEL PHASE FUNCTIONS

= Arctan Yy(x) = —ﬁ X) = Arctan Ylﬁ(x) ':E
0y (x) := Arct ,0,(0) : , ¢v(x) := Arct ],(x),@(o). >

v

Jv(x) 2

5m/2
2n

3m/2

ni2

-nl2

Both phase functions are non-oscillatory (monotone increasing) for x > v, hence

et (s (1)) e (o(-3)

Bk <A} = Hey(x) + %J PR E%(A) N %J



FROM ASYMPTOTICS TO BOUNDS: BESSEL PHASE FUNCTIONS

A COMPARISON THEOREM A LA STURM, AN INFORMAL VERSION

If one knows the asymptotics as x — oo of a non-oscillating phase function ¥(x) of a
Schrédinger equation, then, under some conditions and, possibly, with restrictions, one
may be able to deduce uniform bounds for ¥ (x).
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A COMPARISON THEOREM A LA STURM, AN INFORMAL VERSION

If one knows the asymptotics as x — oo of a non-oscillating phase function ¥(x) of a
Schrédinger equation, then, under some conditions and, possibly, with restrictions, one
may be able to deduce uniform bounds for ¥ (x).

The asymptotics of Bessel phase function are well known, and we used them? to get
UNIFORM ENCLOSURES FOR BESSEL PHASE FUNCTIONS

Define
1 z
— 2_ 2 .
Gy (z) := - ( A% — 22 — zarccos A)’ z € [0, A].
Then forallx > v > 0,
1 1 1 1
- < 20 (x) < Ge(v) — =, 2 - < —du(x) < ...
<tuw<awm-1  amri<liow

(terms which are shown as - - - are explicit but not important for what follows).

zfollowing D. A. Sher, Joint asymptotic expansions for Bessel functions. Pure Appl. Anal. 5 (2023)



DOESs IT WORK? YES, PRODUCES TIGHT UNIFORM ENCLOSURES!

v=0
3.92699 < yy,» ~ 3.95768 < 3.95857

2.35619 < jy, = 2.40483 < 2.40810

v=>5
10.5753 < yy2 = 10.5972 < 10.5977,

8.73567 < jy,1 = 8.77148 <8.77372

0.785398 < yy,) = 0.893577 < 0.921105

10
7.79905 < 7.80522

6.65074 < yy,| ~6.74718 < 6.77357

0.5

v =50
60.0813 < 2 = 60.1124 < 60.1133

57.1169 < 57.1207

57.0601 < jy,

0.5

0.25

v =200
215.483 < yy,» = 215.529 < 215.530

210.944 < jy,1 =211.029 < 211.035

5.4274 < 55.4384

55.3381<c,

54 < yy,1 029 < 53.5530

216
208.456 < 208.473

205.218 < yy,1 =205.492 < 205.570
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BAcCK TO THE DISK

Combining
NB(N) = #{k tjou < Ap+2 3 #{k s < A,
m=1
Bk g <A} = | 20,00 + 2
RUZ IR S 2
and

1 1
—0, < Gy = =g
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BACK TO THE DISK

Combining
NB(N) = #{k tjou < Ap+2 3 #{k s < A,
m=1
ki <A} = Lo (>\)+l
']V,k = - T v 2
and
%ey(@ < Gi(v) - %

we get

LA 1

NN < {G,\(O) + H +2)° {GA(m) + ZJ = PPr())
m=1
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BAcCK TO THE DISK

NE"O) = #k jog SN +2 3 #{k 1 jms <A,

Combining
and
we get
NDU‘ ( ) \‘

and similarly

ANy > {G,\

m=1

#{k:jup <A} = E@M) + %J

1 1
—0, < Gy = =g

?
ir e A
,J = PP\ & s

J+2§ {GA

?

N

J +2§ {G,\ fJ = PNU(N) 2
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LATTICE POINT COUNTS

The function Gy (z) :== L (\/ A2 — z2 — zarccos %) is monotone decreasing, convex,
and Lip; on [0, A].
2

Function G,(z)

3>

A

First introduced in [Kuznetsov—Fedosov’65], who used it to deduce 7 A
improved O ()\2/ 3) remainder term estimate? in the two-term Weyl’s
Law for the disk.

“recently further improved in [Guo et al.] Boris Fedosov



LATTICE POINT COUNTS

We are counting (with weight, 1 for z = 0, 2 otherwise) lattice points under a shifted
graph of G (z):

. 1
Dirichlet: weighted lattice point count under the graph of G\(z) + —

| >
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LATTICE POINT COUNTS

We are counting (with weight, 1 for z = 0, 2 otherwise) lattice points under a shifted

graph of G (z):

Neumann: weighted lattice point count under the graph of G\(z) + —

1
|

= | >

We want to compare the counts with

)\2 A
2 :2/ G (2) dz
0
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TRAPEZOIDAL FLOOR SUMS I

DEFINITION
Leta,b € Z witha < b,and letg : [z, 5] — R. The trapezoidal floor sum of g on [, 4] is
defined as

b—1

> (lglm)] + Lgtm+ 1))

m=a

b—1
@]+ 3 Lebn)]+ 5 @)

m=a+1

T(g,a,b) :%

I
2
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TRAPEZOIDAL FLOOR SUMS I

DEFINITION
Leta,b € Z witha < b,and letg : [z, 5] — R. The trapezoidal floor sum of g on [, 4] is
defined as

b—1

> (lglm)] + Lgtm+ 1))

m=a

b—1
@]+ 3 Lebn)]+ 5 @)

m=a+1

T(g,a,b) :%

I
2

Obviously, T is additive:
T(g,a,c) = T(g,a,b) + T(g, b,¢), a<b<ec.
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TRAPEZOIDAL FLOOR SUMS II

g(z)
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TRAPEZOIDAL FLOOR SUMS II

g(z)

i z
a b

If ¢ is non-negative, then T(g, 2, b) counts the number of lattice points from Z x N lying
on or under the graph of ¢g(z), but the lattice points with the edge abscissas 2 and 4 are
counted with weight 5.
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TRAPEZOIDAL FLOOR SUMS II

g(z)

i z
a b

If ¢ is non-negative, then T(g, 2, b) counts the number of lattice points from Z x N lying
on or under the graph of ¢g(z), but the lattice points with the edge abscissas 2 and 4 are
counted with weight 5.

In some appropriate asymptotic sense,

T(z\g(i) A, \b) zz\z/bg(z)dz as A — +00.

a
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TRAPEZOIDAL FLOOR SUMS II

g(z)

i z
a b

If ¢ is non-negative, then T(g, 2, b) counts the number of lattice points from Z x N lying
on or under the graph of ¢g(z), but the lattice points with the edge abscissas 2 and 4 are
counted with weight 5.

In some appropriate asymptotic sense,

' b
T (X (X) PYSOE /\2/4 e2)dz  as A — +oo.

Obtaining sharper asymptotics for this count as A — oo is a classical problem in number
theory (van der Corput, etc.), but we need bounds.
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FROM ASYMPTOTICS TO BOUNDS: TRAPEZOIDAL FLOOR SUMS

We want to find conditions on ¢ which guarantee an inequality between T(g, 2, 4) and
f; ¢(z) dz, maybe with correction terms. We always impose the following restrictions:

e ¢is monotone (decreasing)
e gis either convex or concave

e (important!): gis Lip, on [a, b] with ¢ € (0, 1), that s

lg(z) —g@)| <clz —w|  zwe sl

Simple examples of our bounds: let ¢(z) be decreasing, convex, Lip, /200 [a,8], and with

¢(b) = 0. Then
1 b
T (g+ Z,a,b) < / ¢(z) dz.

b
T<g+%ﬂ7b) 2/ ¢(z)dz + M(a, b),

with an explicit correction term. Similar bounds were obtained for concave Lip,
functions g.
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BAck TO POLYA’S CONJECTURE FOR DISKS

Combining trapezoidal floor sums bounds with other estimates, we get:
e Dirichlet problem, disk:

i 1 2 A
NBE(N) <2T(GA+Z,0, BY +1) <5 - ng J, >0,

thus proving Polya’s conjecture, with an extra margin to spare
p g oly:

3 margin recently further improved in [Guo—Miao—Wang—Zhan’25
g y F g
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BAck TO POLYA’S CONJECTURE FOR DISKS

Combining trapezoidal floor sums bounds with other estimates, we get:
e Dirichlet problem, disk:

i 1 2 A
ND ()\)<2T(G,\+Z,O,L/\j+l)<zf ng J, A>0

thus proving Pélya’s conjecture, with an extra margin to spare” .
e Neumann problem, disk:

2
Np©(A) > 2T (GA + %,0, [A) + 1) > % + R2(N),

3 11 1 1 3 27

thus proving Polya’s conjecture, except for a gap A € [3,14].
e The gap is filled in with a computer-assisted algorithm
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Combining trapezoidal floor sums bounds with other estimates, we get:
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thus proving Polya’s conjecture, except for a gap A € [3,14].
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EXTENSIONS: HIGHER-DIMENSIONAL BALLS

e Dirichlet problem in B, d > 3
® extra parameter d, differently weighted trapezoidal floor sums
= more delicate bounds
= fully analytic proof forall A > 0



EXTENSIONS: HIGHER-DIMENSIONAL BALLS

e Dirichlet problem in B, d > 3
® extra parameter d, differently weighted trapezoidal floor sums
= more delicate bounds
= fully analytic proof forall A > 0

e Neumann problem in B d > 3

® cigenvalues relate to zeros of derivatives of ultraspherical Bessel functions
= require extra combinatorial tricks, new variational bounds and harder calculus
» fully analytic proof for all A > 0 in dimensions d > 12; finite gaps in dimensions
3 < d < 12 are filled by a computer-assisted algorithm
A

60
50

40f
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EXTENSIONS: DIRICHLET PROBLEM IN ANNULI I
For an annulus 4, := {x € R?,» < |x| < 1}, Pélya’s conjecture states that

, 2 2
NPT < # forall A > 0.

e A two-parametric problem in RA := {(r, A) € (0,1) x (0, +o0)}.

¢ In terms of the phase function, the eigenvalues are the squares of the positive roots
of sin (0, (x) — Om(rx)) = 0.

¢ Hence, sharper two-sided bounds for phase functions were needed.

e Asaresult, trapezoidal floor sums involve a mixture of concave and convex
functions.

W=7
P,u(2) := Gx(2) — Gul(z)
3t 42
Hﬂ(z) T 2471_(#2 — 22)3/2 2 € [Oa /"‘)
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* Additional tricks are required in some parts of the RA-parameter space, including
variational comparison with flat cylinders.



EXTENSIONS: DIRICHLET PROBLEM IN ANNULI 11

variational comparison with flat cylinders.

* Additional tricks are required in some parts of the RA-parameter space, including

using a rigorous computer-assisted algorithm
A

’ 200 ‘

200

* Different analytic proofs in different regions, leaving a finite gap in RA, filled in

150

100

50

150

100

RAw

—RAm

RAy

RAy
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FILLING THE GAPS: RIGOROUS COMPUTER-ASSISTED PROOFS

In various situations where analytic proofs left us finite gaps in the space of parameters,
we use rigorous computer-assisted algorithms under the following principles:

e No floating-point calculations: algorithms work only with integer and rational
numbers, hence no potential for catastrophic accuracy collapse

¢ We deduce certifiable rational enclosures for either trapezoidal floor sums or
directly for counting functions (implemented via enclosures for Bessel-related
zeros), evaluated at rational points

e Each algorithm requires only a finite number of steps

e All scripts are available online
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IF YOU ARE INTERESTED IN SPECTRAL GEOMETRY: ADVERTS I

The webpage https://www.newton.ac.uk/event/gst/ of a recent INI
programme has numerous videos of very interesting talks!

Isaac Newton |
for M

Programme theme

avibrant area 0 'g back to Emst Chiadnis.
expariments withbraing piates, Lord Roligswork ot thoryofsoun, and Motk Kac's csebrted usston
*Can one hear the shape of a drum?”. It is a rapi subject, with close Jds such as
ifleential gty mathraticlphysics,patal et equatons, e thery ynamca sysems, and

I analysis, and with many licat from acoustics to computer imaging.

The pr this i thery. In recent
years, the field breakthroughs, leading d the resolution of

conjectures. These advancaments have been achieved with the help of novel techniques, with applications extending
beyond the scope of the subject. At the same time, there remain many nlriguing open problems and challenges.

“The focus of the programme will be on four interconnected themes:

+ Eigenvalues and geometry

+ Geomelry of eigenfunctions and spectral asymptotics.
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IF YOU ARE INTERESTED IN SPECTRAL GEOMETRY: ADVERTS Il

Our recent (AMS, 2023) book Topics in Spectral Geometry covers many topics related
to Polya’s conjecture. A preliminary version is freely available at
https://michaellevitin.net/Book/.

Michael Levitin . lu"y.r“.;:
‘michaellevitin.net

 Statistics
ading
ac.uk

Topics in Spectral Geometry

Michael Levitin, Dan Mangoubi, and losif Polterovich



https://michaellevitin.net/Book/
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