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Spectral geometry

Let Ω ⊂ Rd, d ≥ 2, be a bounded domain, −∆ := −
∑︁d

j=1
∂2

∂x2
j

, and consider the spectral

problems for

Dirichlet Laplacian{︄
−∆u = λu in Ω,

u = 0 on ∂Ω,

Neumann Laplacian (∂Ω Lipschitz){︄
−∆u = λu in Ω,

∂nu = 0 on ∂Ω.

We have discrete spectra of eigenvalues accumulating to +∞,

(0 <)λDir
1 ≤ λDir

2 ≤ · · · ≤ λDir
n ≤ . . . , 0 = λNeu

1 ≤ λNeu
2 ≤ · · · ≤ λNeu

n ≤ . . .

Similar Dirichlet and Neumann spectral problems can be posed for Laplacian on a
smooth compact Riemannian manifold with boundary.

We always have λNeu
n (Ω) < λDir

n (Ω).
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Spectral asymptotics

Question/conjecture, early 20th century

How do large eigenvalues behave asymptotically?

Explicit calculations
for cubes give λn ∼ n2/d as n → +∞.

Lord Rayleigh
Define the eigenvalue counting functions

Nℵ
Ω (λ) := #

{︂
n : λℵn ≤ λ2

}︂
, ℵ ∈ {Dir,Neu}.

One-term spectral asymptotics (1911)

Nℵ
Ω (λ) = Cd|Ω|dλd⏞ ⏟⏟ ⏞

Weyl’s term

+o
(︂
λd

)︂
as λ → ∞,

the Weyl constant Cd :=
1

(4π)
d
2 Γ

(︂
d
2 + 1

)︂ , e.g. C2 =
1

4π

Hermann Weyl
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Two-term Weyl’s Law

One-term Weyl’s Law takes into account only the volume of Ω and does not feel the
boundary and the boundary conditions, the same law applies to Dirichlet, Neumann
and Robin Laplacians.

Weyl’s conjecture (1911)
For any bounded Ω ⊂ Rd with piecewise-smooth boundary,

NDir,Neu
Ω (λ) = Cd|Ω|dλd ∓ Cb,d|∂Ω|d−1λ

d−1 + o
(︂
λd−1

)︂
as λ → +∞,

with − for Dirichlet and + for Neumann, and Cb,d > 0 another constant depending
only on d. For example, in the planar case d = 2, the conjecture reads

NDir,Neu
Ω (λ) =

Area(Ω)

4π
λ2 ∓ Length(∂Ω)

4π
λ+ o (λ) as λ → +∞.

This turned out to be a difficult problem in analysis with connections to other fields.
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Spectral asymptotics and billiard dynamics

Theorem [Ivrii’80]
The two-term Weyl asymptotics holds for any Ω ⊂ Rd with
piecewise-smooth boundary, satisfying the non-periodicity condition.

Victor Ivrii

Non-periodicity: meas{(x, ξ) ∈ Ω× Sd−1 : a billiard
trajectory starting at x in the direction ξ is
periodic} = 0. Although non-periodicity is
conjectured to be true for all piecewise-smooth
Euclidean domains, it has only been proven for some
specific classes, e.g. for domains with convex analytic
boundary, or for polyhedra.Remains open in the
Euclidean case in full generality.

Not true on some manifolds (in terms of geodesic
flow), e.g. for a hemisphere.
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From asymptotics to bounds: a difficult challenge

Recall: the second Weyl’s term is negative for the Dirichlet Laplacian, and positive for the
Neumann Laplacian.

Thus, assuming two-term asymptotics, for sufficiently large (but
unspecified how large) values of λ,

NDir
Ω (λ) < Cd|Ω|dλd < NNeu

Ω (λ). (P)

George Pólya

Pólya’s Conjecture, 1954
(P) holds for any suitable Ω ⊂ Rd and any λ > 0.
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Ω (λ) < Cd|Ω|dλd < NNeu

Ω (λ). (P)

George Pólya

Pólya’s Conjecture, 1954
(P) holds for any suitable Ω ⊂ Rd and any λ > 0. Equivalently, for all
n ∈ N,

λNeu
n+1(Ω) < (Cd|Ω|d)−2/d n2/d < λDir

n (Ω).
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Validity, until recently

True for domains that tile the space [Pólya’61, Kellner’66]

If true for Ω1 ⊂ Rd1 , d1 ≥ 2, then true for Ω = Ω1 × Ω2 ⊂ Rd1+d2 [Laptev]

For all domains Ω [Berezin–Li–Yau, Kröger],(︃
d

d+ 2

)︃d/2
NDir

Ω (λ) ≤ Cd|Ω|dλd ≤ d+ 2
2

NNeu
Ω (λ)

S.-T. Yau

For low λ for any domain in any dimension:

λNeu
n+1(Ω) < (Cd|Ω|d)−2/d n2/d < λDir

n (Ω)

with n = 1 or n = 2, by isoperimetric inequalities [Faber–Krahn,
Krahn–Szegő, Girouard–Nadirashvili–Polterovich,
Bucur–Henrot]

Gábor Szegő
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Gábor Szegő
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FLPS 2023–26

Theorems
Pólya’s conjecture holds in the following cases:

disks in R2

circular sectors in R2 of arbitrary aperture
balls in Rd, d ≥ 3

annuli in R2 (Dirichlet case)
if it holds for Ω ⊂ Rd, then it holds for any Ω′ which tiles Ω
an analogue holds for Aharonov–Bohm magnetic Dirichlet and Neumann
Schrödinger operators in the disk

Our methods (to be discussed) include:
bounds for phase functions of ODEs
accurate lattice point counting / bounds for trapezoidal floor sums
variational techniques
rigorous computer-assisted algorithms
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Why are disks, balls, etc. hard problems?

By separation of variables, eigenvalues can be found explicitly in terms positive zeros jν,k
of Bessel functions Jν or positive zeros j′ν,k of their derivatives J ′ν , with j′0,1 = 0:

m ∈ {0, 1, . . . } Dirichlet λDir
m,k Neumann λNeu

m,k multiplicity

Disk D = B2 j2m,k j′2
m,k

{︄
1, m = 0,
2, m > 0

Unit ball Bd, d ≥ 3 j2m+d/2−1,k p′2
d,m,k κd,m

p′d,m,k is the kth positive root of d
dx

(︃
x−

d
2 +1Jm+ d

2 −1(x)
)︃

, p′d,0,1 := 0

κd,m =
(︁m+d−1

d−1
)︁
−

(︁m+d−3
d−1

)︁
is the dimension of the space of spherical harmonics of

degree m on Sd−1 = multiplicity of eigenvalue m(m+ d− 2) of the Laplace-Beltrami
operator on Sd−1.
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What is needed to be done?

Issue: implausible to re-arrange a double-indexed sequence λℵm,k into a single
non-decreasing sequence λℵn .

Dirichlet, unit disk: we need to prove that for all λ > 0

NDir
D (λ) = #{k : j0,k ≤ λ}+ 2

∞∑︂
m=1

#{k : jm,k ≤ λ} <
λ2

4
.

Neumann, unit disk: we need to prove that for all λ > 0,

NNeu
D (λ) = #{k : j′0,k ≤ λ}+ 2

∞∑︂
m=1

#{k : j′m,k ≤ λ} >
λ2

4
.
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Phase functions for 2nd order ODEs

Let A1(x) and A2(x) be two real linearly independent solutions of a Schrödinger
equation

A′′(x) + P(x)A(x) = 0 (1)
on (a,+∞), with a real-valued potential P ∈ C(a,+∞).

We define the modulus function M(x) = MA1,A2(x) and the phase function
Ψ(x) = ΨA1,A2(x) for these solutions as

M(x) :=
√︂

(A1(x))2 + (A2(x))2, A1(x) + iA2(x) = M(x) exp (iΨ(x)) ,

where we choose a continuous branch of Ψ(x) = Arctan
A2(x)
A1(x)

specified by the chosen
value of limx→a+ Ψ(x).
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Example: Bessel phase functions

θν(x) := Arctan
Yν(x)
Jν(x)

, θν(0) := −π

2
, ϕν(x) := Arctan

Y ′
ν(x)
J ′ν(x)

, ϕν(0) := π

2
.

● ● ●○ ○ ○● ●○ ○ ○●○

● ● ●○ ○ ○● ● ●○ ○● ○

Both phase functions are non-oscillatory (monotone increasing) for x ≥ ν, hence

jν,k = θ−1
ν

(︃
π

(︃
k− 1

2

)︃)︃
j′ν,k = ϕ−1

ν

(︃
π

(︃
k− 1

2

)︃)︃
#{k : jν,k ≤ λ} =

⌊︃
1
π
θν(λ) +

1
2

⌋︃
#{k : j′ν,k ≤ λ} =

⌊︃
1
π
ϕν(λ) +

1
2

⌋︃
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From asymptotics to bounds: Bessel phase functions

A comparison theorem à la Sturm, an informal version
If one knows the asymptotics as x → ∞ of a non-oscillating phase function Ψ(x) of a
Schrödinger equation, then, under some conditions and, possibly, with restrictions, one
may be able to deduce uniform bounds for Ψ(x).

The asymptotics of Bessel phase function are well known, and we used them to get
Uniform enclosures for Bessel phase functions
Define

Gλ(z) :=
1
π

(︂√︁
λ2 − z2 − z arccos z

λ

)︂
, z ∈ [0, λ].

Then for all x ≥ ν ≥ 0,

· · · ≤ 1
π
θν(x) ≤ Gx(ν)−

1
4
, Gx(ν) +

1
4
≤ 1

π
ϕν(x) ≤ . . .

(terms which are shown as · · · are explicit but not important for what follows).
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2following D. A. Sher, Joint asymptotic expansions for Bessel functions. Pure Appl. Anal. 5 (2023)
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Does it work? Yes, produces tight uniform enclosures!
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Back to the disk

Combining

NDir
D (λ) = #{k : j0,k ≤ λ}+ 2

∞∑︂
m=1

#{k : jm,k ≤ λ},

#{k : jν,k ≤ λ} =

⌊︃
1
π
θν(λ) +

1
2

⌋︃
and

1
π
θν(x) ≤ Gx(ν)−

1
4
,

we get

NDir
D (λ) ≤

⌊︃
Gλ(0) + 1

4

⌋︃
+ 2

⌊λ⌋∑︂
m=1

⌊︃
Gλ(m) +

1
4

⌋︃
:= PDir(λ)

?
<

λ2

4
,

and similarly

NNeu
D (λ) ≥

⌊︃
Gλ(0) + 3

4

⌋︃
+ 2

⌊λ⌋∑︂
m=1

⌊︃
Gλ(m) +

3
4

⌋︃
:= PNeu(λ)

?
>

λ2

4
.
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Lattice point counts

The function Gλ(z) := 1
π

(︂√
λ2 − z2 − z arccos z

λ

)︂
is monotone decreasing, convex,

and Lip 1
2

on [0, λ].

We want to compare the counts with

λ2

4
= 2

∫︂ λ

0
Gλ(z) dz
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Trapezoidal floor sums I

Definition
Let a, b ∈ Z with a < b, and let g : [a, b] → R. The trapezoidal floor sum of g on [a, b] is
defined as

T(g, a, b) = 1
2

b−1∑︂
m=a

(⌊g(m)⌋+ ⌊g(m+ 1)⌋)

=
1
2
⌊g(a)⌋+

b−1∑︂
m=a+1

⌊g(m)⌋+ 1
2
⌊g(b)⌋ .

Obviously, T is additive:

T(g, a, c) = T(g, a, b) + T(g, b, c), a < b < c.
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Trapezoidal floor sums II

a b

If g is non-negative, then T(g, a, b) counts the number of lattice points from Z× N lying
on or under the graph of g(z), but the lattice points with the edge abscissas a and b are
counted with weight 1

2 .
In some appropriate asymptotic sense,

T
(︂
λg

(︂ ·
λ

)︂
, λa, λb

)︂
≈ λ2

∫︂ b

a
g(z) dz as λ → +∞.

Obtaining sharper asymptotics for this count as λ → ∞ is a classical problem in number
theory (van der Corput, etc.), but we need bounds.
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From asymptotics to bounds: trapezoidal floor sums

We want to find conditions on g which guarantee an inequality between T(g, a, b) and∫︁ b
a g(z) dz, maybe with correction terms. We always impose the following restrictions:

g is monotone (decreasing)
g is either convex or concave
(important!): g is Lipc on [a, b] with c ∈ (0, 1), that is

|g(z)− g(w)| ≤ c|z− w| z,w ∈ [a, b].

Similar bounds were obtained for concave Lipc functions g.



20

From asymptotics to bounds: trapezoidal floor sums

We want to find conditions on g which guarantee an inequality between T(g, a, b) and∫︁ b
a g(z) dz, maybe with correction terms. We always impose the following restrictions:

g is monotone (decreasing)

g is either convex or concave
(important!): g is Lipc on [a, b] with c ∈ (0, 1), that is

|g(z)− g(w)| ≤ c|z− w| z,w ∈ [a, b].

Similar bounds were obtained for concave Lipc functions g.



20

From asymptotics to bounds: trapezoidal floor sums

We want to find conditions on g which guarantee an inequality between T(g, a, b) and∫︁ b
a g(z) dz, maybe with correction terms. We always impose the following restrictions:

g is monotone (decreasing)
g is either convex or concave

(important!): g is Lipc on [a, b] with c ∈ (0, 1), that is

|g(z)− g(w)| ≤ c|z− w| z,w ∈ [a, b].

Similar bounds were obtained for concave Lipc functions g.



20

From asymptotics to bounds: trapezoidal floor sums

We want to find conditions on g which guarantee an inequality between T(g, a, b) and∫︁ b
a g(z) dz, maybe with correction terms. We always impose the following restrictions:

g is monotone (decreasing)
g is either convex or concave
(important!): g is Lipc on [a, b] with c ∈ (0, 1), that is

|g(z)− g(w)| ≤ c|z− w| z,w ∈ [a, b].

Similar bounds were obtained for concave Lipc functions g.



20

From asymptotics to bounds: trapezoidal floor sums

We want to find conditions on g which guarantee an inequality between T(g, a, b) and∫︁ b
a g(z) dz, maybe with correction terms. We always impose the following restrictions:

g is monotone (decreasing)
g is either convex or concave
(important!): g is Lipc on [a, b] with c ∈ (0, 1), that is

|g(z)− g(w)| ≤ c|z− w| z,w ∈ [a, b].

Similar bounds were obtained for concave Lipc functions g.



20

From asymptotics to bounds: trapezoidal floor sums

We want to find conditions on g which guarantee an inequality between T(g, a, b) and∫︁ b
a g(z) dz, maybe with correction terms. We always impose the following restrictions:

g is monotone (decreasing)
g is either convex or concave
(important!): g is Lipc on [a, b] with c ∈ (0, 1), that is

|g(z)− g(w)| ≤ c|z− w| z,w ∈ [a, b].

Simple examples of our bounds: let g(z) be decreasing, convex, Lip1/2 on [a, b], and with
g(b) = 0. Then
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with an explicit correction term.

Similar bounds were obtained for concave Lipc
functions g.
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Back to Pólya’s conjecture for disks

Combining trapezoidal floor sums bounds with other estimates, we get:

Dirichlet problem, disk:

NDir
D (λ) < 2T

(︃
Gλ +

1
4
, 0, ⌊λ⌋+ 1

)︃
<

λ2

4
− ⌊ω0λ⌋

2
, λ > 0,

ω0 =

√
3

2π
− 1

6
≈ 0.109,

thus proving Pólya’s conjecture, with an extra margin to spare3 .
Neumann problem, disk:

NNeu
D (λ) > 2T

(︃
Gλ +

3
4
, 0, ⌊λ⌋+ 1

)︃
>

λ2

4
+ R2(λ),

R2(λ) =
3
4
G−1
λ

(︃
1
4

)︃
− λ

(︃
1
4
+

1
π

)︃
− 3

4
> 0 for λ ≥ 27

2
,

thus proving Pólya’s conjecture, except for a gap λ ∈ [3, 14].
The gap is filled in with a computer-assisted algorithm

3margin recently further improved in [Guo–Miao–Wang–Zhan’25]
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thus proving Pólya’s conjecture, with an extra margin to spare3 .
Neumann problem, disk:

NNeu
D (λ) > 2T

(︃
Gλ +

3
4
, 0, ⌊λ⌋+ 1

)︃
>

λ2

4
+ R2(λ),

R2(λ) =
3
4
G−1
λ

(︃
1
4

)︃
− λ

(︃
1
4
+

1
π

)︃
− 3

4
> 0 for λ ≥ 27

2
,
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Extensions: higher-dimensional balls

Dirichlet problem in Bd, d ≥ 3:
extra parameter d, differently weighted trapezoidal floor sums
more delicate bounds
fully analytic proof for all λ > 0

Neumann problem in Bd, d ≥ 3:
eigenvalues relate to zeros of derivatives of ultraspherical Bessel functions
require extra combinatorial tricks, new variational bounds and harder calculus
fully analytic proof for all λ > 0 in dimensions d ≥ 12; finite gaps in dimensions
3 ≤ d ≤ 12 are filled by a computer-assisted algorithm
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Extensions: Dirichlet problem in annuli I

For an annulus Ar := {x ∈ R2, r < |x| < 1}, Pólya’s conjecture states that

NDir
Ar (λ) <

λ2(1 − r2)

4
for all λ > 0.

A two-parametric problem in RΛ := {(r, λ) ∈ (0, 1)× (0,+∞)}.
In terms of the phase function, the eigenvalues are the squares of the positive roots
of sin (θm(x)− θm(rx)) = 0.
Hence, sharper two-sided bounds for phase functions were needed.
As a result, trapezoidal floor sums involve a mixture of concave and convex
functions.

µ := rλ

Φλ,µ(z) := Gλ(z)− Gµ(z)

Hµ(z) :=
3µ2 + 2z2

24π(µ2 − z2)3/2 , z ∈ [0, µ)
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In terms of the phase function, the eigenvalues are the squares of the positive roots
of sin (θm(x)− θm(rx)) = 0.

Hence, sharper two-sided bounds for phase functions were needed.
As a result, trapezoidal floor sums involve a mixture of concave and convex
functions.

µ := rλ

Φλ,µ(z) := Gλ(z)− Gµ(z)

Hµ(z) :=
3µ2 + 2z2

24π(µ2 − z2)3/2 , z ∈ [0, µ)
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Extensions: Dirichlet problem in annuli II

Additional tricks are required in some parts of the RΛ-parameter space, including
variational comparison with flat cylinders.

Different analytic proofs in different regions, leaving a finite gap in RΛ, filled in
using a rigorous computer-assisted algorithm

0 0.1
0

50

100

150

200

0.0 0.2 0.4 0.6 0.8 1.0
0

50

100

150

200

0.0 0.2 0.4 0.6 0.8
0

15

30



24

Extensions: Dirichlet problem in annuli II

Additional tricks are required in some parts of the RΛ-parameter space, including
variational comparison with flat cylinders.
Different analytic proofs in different regions, leaving a finite gap in RΛ, filled in
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Filling the gaps: rigorous computer-assisted proofs

In various situations where analytic proofs left us finite gaps in the space of parameters,
we use rigorous computer-assisted algorithms under the following principles:

No floating-point calculations: algorithms work only with integer and rational
numbers, hence no potential for catastrophic accuracy collapse
We deduce certifiable rational enclosures for either trapezoidal floor sums or
directly for counting functions (implemented via enclosures for Bessel-related
zeros), evaluated at rational points
Each algorithm requires only a finite number of steps
All scripts are available online
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If you are interested in spectral geometry: adverts I

The webpage https://www.newton.ac.uk/event/gst/ of a recent INI
programme has numerous videos of very interesting talks!

https://www.newton.ac.uk/event/gst/
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If you are interested in spectral geometry: adverts II

Our recent (AMS, 2023) book Topics in Spectral Geometry covers many topics related
to Pólya’s conjecture. A preliminary version is freely available at

https://michaellevitin.net/Book/.

https://michaellevitin.net/Book/
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Thank you!


